ABSTRACT In this paper, we investigate the dual hesitant bipolar fuzzy multiple attribute decision making problems in which there exists a prioritization relationship over attributes. Then, motivated by the idea of Hamacher operations and prioritized aggregation operators, we have developed some Hamacher prioritized aggregation operators for aggregating dual hesitant bipolar fuzzy information: dual hesitant bipolar fuzzy Hamacher prioritized average operator, dual hesitant bipolar fuzzy Hamacher prioritized geometric operator, dual hesitant bipolar fuzzy Hamacher prioritized weighted average operator, dual hesitant bipolar fuzzy Hamacher prioritized weighted geometric operator. Then, we have utilized these operators to develop some approaches to solve the dual hesitant bipolar fuzzy multiple attribute decision making problems. Finally, a real-world example is then analyzed to illustrate the relevance and effectiveness of the proposed methodology.
I. INTRODUCTION
Atanassov [1] , [2] introduced the concept of intuitionistic fuzzy set(IFS) characterized by a membership function and a non-membership function, which is a generalization of the concept of fuzzy set [3] whose basic component is only a membership function. Xu [4] developed the intuitionistic fuzzy arithmetic aggregation operators. Xu [5] developed some intuitionistic fuzzy geometric aggregation operators. The intuitionistic fuzzy set has received more and more attention since its appearance [6] - [25] . More recently, the bipolar fuzzy set (BFS) [26] , [27] has emerged lately as an alternative tool to depict uncertainty in MADM problems. A pair of numbers, namely, the positive membership degree and the negative membership degree, is employed to define an object in a BFS. But different from the IFS, the range of membership degree of the bipolar fuzzy set is [−1, 1] . BFSs have been applied in many research areas including but not limited to bipolar logical reasoning and set theory [28] , [29] , traditional Chinese medicine theory [30] , [31] , bipolar cognitive mapping [32] , [33] , computational psychiatry [34] , [35] , decision analysis and organizational modeling [36] , [37] , photonics [38] , quantum computing [39] , [40] , biosystem regulation [30] , [41] , [42] , quantum cellular combinatorics [39] , physics and philosophy [43] and graph theory [44] - [48] . Recently, Gul [49] defined some bipolar fuzzy aggregations operators, such as, bipolar fuzzy averaging weighted aggregation operators and bipolar fuzzy geometric aggregations operators. Wei et al. [50] proposed some hesitant bipolar fuzzy aggregation operators in multiple attribute decision making. Lu et al. [51] proposed some bipolar 2-tuple linguistic aggregation operators in multiple attribute decision making.
Xu & Wei [52] defined the dual hesitant bipolar fuzzy sets(DHBFSs) and developed some dual hesitant bipolar fuzzy aggregation operators for multiple attribute decision making. We note that almost all the dual hesitant bipolar fuzzy aggregation operators [52] used in the literature employed the algebraic product or sum of DHBFSs. Constructed on the basis of general t-norm and t-conorm, Hamacher product and Hamacher sum [53] could be applied, respectively, to surrogate the algebraic product and algebraic sum. For studies on Hamacher aggregation operators and their applications, the reader is referred to [54] - [56] . In this study, we consider how to extend Hamacher operators and prioritized aggregation operators to aggregate the dual hesitant bipolar fuzzy information. In order to do so, the remainder of this paper is organized as follows. In the next section, we briefly review the basic concepts of the DHBFSs and the fundamental operational laws of DHBFNs. In Section 3, we develop dual hesitant bipolar fuzzy Hamacher prioritized aggregation operators. In Section 4, models are developed that apply the proposed aggregation operators to solve MADM problems. An illustrative example is analyzed in Section 5. Some remarks are given in Section 6 to conclude the paper.
II. PRELIMINARIES A. THE BIPOLAR FUZZY SET
In this section, we present a short overview of BFSs [26] , [27] .
Definition 1 [26] , [27] : Let X be a fix set. A BFS is an object having the form
where the positive membership degree function µ + B (x): X → [0, 1] denotes the satisfaction degree of an element x to the property corresponding to a BFS B and the negative membership degree function ν − B (x): X → [−1, 0] denotes satisfaction degree of an element x to some implicit counter property corresponding to a BFS B, respectively, and, for every x ∈ X . Definition 2 [49] : Some basic operations on BFNs are expressed as follows:
(1)b 1 ⊕b 2 = µ
Based on the Definition 2, we can introduce the Theorem 1 easily.
Theorem 1 [49] :
B. DUAL HESITANT BIPOLAR FUZZY SET (DHBFS)
In the following, motivated by the bipolar fuzzy set (BFS) [26] , [27] and dual hesitant fuzzy set (DHFS) [57] , [58] , Xu & Wei [52] proposed the dual hesitant bipolar fuzzy sets (DHBFSs). Definition 3 [52] : Let X be a fixed set, then a dual hesitant bipolar fuzzy set (DHBFS) on X is described as:
where the positive membership degree function µ + B (x): X → [0, 1] denotes some possible satisfaction degree of an element x to the property corresponding to a DHBFS D and the negative membership degree function ν − B (x): X → [−1, 0] denotes some possible satisfaction degree of an element x to some implicit counter property corresponding to a DHBFS D, respectively, and, for every x ∈ X , with the conditions: [52] gave the following comparison laws:
Definition 4 [52] :
the accuracy function of d = µ + , ν − , where #µ + and #ν − are the numbers of the elements in µ + and ν − respectively, then (
C. HAMACHER OPERATIONS OF DUAL HESITANT BIPOLAR FUZZY SETS
2) be any two DHBFNs, and d = µ + , ν − denote DHBFN. On the basis of general t-norm and t-conorm, Hamacher product and Hamacher sum [53] , we define the following basic Hamacher operators of DHBFNs with γ > 0.
III. DUAL HESITANT BIPOLAR FUZZY HAMACHER PRIORITIZED AGGREGATION OPERATORS A. DUAL HESITANT BIPOLAR FUZZY HAMACHER PRIORITIZED ARITHMETIC AGGREGATION OPERATORS
The prioritized average (PA) operator was originally introduced by Yager [59] , which was defined as follows: Definition 5 [59] : Let G = {G 1 , G 2 , · · · , G n } be a collection of attribute and that there is a prioritization between the attribute expressed by the linear ordering
is the performance of any alternative x under attribute G j , and satisfies
where
Then PA is called the prioritized average (PA) operator. The prioritized average [59] operators, however, have usually been used in situations where the input arguments are the exact values. We shall extend the PA operators to accommodate the situations where the input arguments are DHBFNs. In this Section, we shall investigate the PA operator under dual hesitant bipolar fuzzy environments. Based on Definition 5, we give the definition of the dual hesitant bipolar fuzzy Hamacher prioritized average (DHBFHPA) operator as follows:
be a collection of DHBFNs. We next establish dual hesitant bipolar fuzzy Hamacher prioritized arithmetic aggregation operators.
Definition 6: The dual hesitant bipolar fuzzy Hamacher prioritized average (DHBFHPA) operator is
Theorem 2 can be shown by its definition and mathematical induction.
Theorem 2: The DHBFHPA operator returns a DHBFN with (5) , as shown at the top of the next page.
We subsequently discuss two special cases of the DHBFHPA operator.
• If γ = 1, the DHBFHPA operator is equivalent to the dual hesitant bipolar fuzzy prioritized
average (DHBFPA) operator:
• If γ = 2, the DHBFHPA operator coincides with the dual hesitant bipolar fuzzy Einstein prioritized average (DHBFEPA) operator (7), as shown at the top of the next page. If we consider the weights ofd j (j = 1, 2, · · · , n),
T is the weight vector of
on Definition 5, we give the definition of the dual hesitant bipolar fuzzy Hamacher prioritized weighted average (DHBFHPWA) operator as follows:
The dual hesitant bipolar fuzzy Hamacher prioritized weighted average (DHBFHPWA) operator is
Theorem 3 can be shown by its definition and mathematical induction.
Theorem 3: The DHBFHPWA operator returns a DHBFN with (9) , as shown at the top of the next page.
• If γ = 1, the DHBFHPWA operator is equivalent to the dual hesitant bipolar fuzzy prioritized weighted average (DHBFPWA) operator (10), as shown at the top of the next page.
• If γ = 2, the DHBFHPWA operator coincides with the dual hesitant bipolar fuzzy Einstein prioritized weighted average (DHBFEPWA) operator (11) , as shown in Section III-B. VOLUME 6, 2018
B. DUAL HESITANT BIPOLAR FUZZY HAMACHER PRIORITIZED GEOMETRIC AGGREGATION OPERATORS
Applying the dual hesitant bipolar fuzzy Hamacher prioritized arithmetic aggregation operators and the concept of geometric mean [60] - [66] , we can define dual hesitant bipolar fuzzy Hamacher prioritized geometric aggregation operators.
Definition 8:
The dual hesitant bipolar fuzzy Hamacher prioritized geometric (DHBFHPG) operator
is defined as (12) where
By definition and mathematical induction, we can prove the following theorem.
Theorem 4:
The DHBFHPG operator returns a DHBFN, and (13) , as shown at the top of this page. In (13)
Next we present two special cases of the DHBFHPG operator.
• If γ = 1, DHBFHPG operator reduces to the dual hesitant bipolar fuzzy prioritized geometric (DHBFPG) operator (14) , as shown at the top of the next page.
• If γ = 2, DHBFHPG operator reduces to the dual hesitant bipolar fuzzy Einstein prioritized geometric (DHBFEPG) operator (15) , as shown at the top of the next page.
If we consider the weights ofd j (j = 1, 2, · · · , n),
T is the weight vector of VOLUME 6, 2018
on Definition 5, we give the definition of the dual hesitant bipolar fuzzy Hamacher prioritized weighted geometric (DHBFHPWG) operator as follows: Definition 9: The dual hesitant bipolar fuzzy Hamacher prioritized weighted geometric (DHBFHPWG) operator is (16) where
Theorem 5 can be shown by its definition and mathematical induction. Theorem 5: The DHBFHPWG operator returns a DHBFN with (17) , as shown at the top of the next page.
We subsequently discuss two special cases of the DHBFHPWG operator.
• If γ = 1, the DHBFHPWG operator is equivalent to the dual hesitant bipolar fuzzy prioritized weighted geometric (DHBFPWG) operator :
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• If γ = 2, the DHBFHPWG operator coincides with the dual hesitant bipolar fuzzy Einstein prioritized weighted geometric (DHBFEPWG) operator (19) , as shown at the bottom of the next page.
IV. MODELS FOR MULTIPLE ATTRIBUTE DECISION MAKING WITH DUAL HESITANT BIPOLAR FUZZY INFORMATION
We next apply the dual hesitant bipolar aggregation operators developed in the previous section to solve MADM problems with dual hesitant bipolar fuzzy information. The following assumptions or notations are used to represent the MADM problem for potential evaluation of emerging technology commercialization with dual hesitant bipolar fuzzy information. Denote a discrete set of alternatives by
be a collection of attribute and that there is a prioritization between the attribute expressed by the linear ordering 
The process of utilizing the DHBFHPWA (or DHBFHPWG) operator to solve a MADM problem is presented below.
Step 1: Calculate the values of T ij (i = 1, 2, · · · , m, j = 2, · · · , n) as follows:
Step 1: Applying the DHBFHPWA operator to process the information in matrixD, derive the overall values d i (i = 1, 2, · · · , m) of the alternative A i . The equation (22) , as shown at the bottom of the next page.
If the DHBFHPWG operator is chosen instead, we have (23) , as shown in Section V.
Step 2: Calculate the scores
Step 3: Rank all the alternatives Step 4: Select the best alternative(s).
V. NUMERICAL EXAMPLE
In order to strengthen academic education, promote the building of teaching body, the school of management in a Chinese university wants to introduce oversea outstanding teachers (adapted from [67] ). This introduction has been raised great attention from the school, university president, dean of management school and human resource officer sets up the panel of decision makers which will take the whole responsibility for this introduction. They made strict evaluation for 5 candidates A i (i = 1, 2, 3, 4, 5) according to the following four attributes: x G 1 is the morality; y G 2 is the research capability; z G 3 is the teaching skill; { G 4 is the education background. University president have the absolute priority for decision making, dean of the management school comes next. Besides, this introduction will be in strict accordance with the principle of combine ability with political integrity. VOLUME 6, 2018 The prioritization relationship for the criteria is as below,
The five possible candidates A i (i = 1, 2, 3, 4, 5) are to be evaluated using the DHBFNs by the three decision makers under the above four attributes, and construct, respectively, the dual hesitant bipolar fuzzy decision matrix are shown in Table 1 .
The information about the attribute weights is known as follows: ω = (0.20, 0.10, 0.30, 0.40).
In the following, we utilize the approach developed to select the desirable candidate with dual hesitant bipolar fuzzy information.
Step 1: Utilize (19)- (20) to calculate the values of T ij (i = 1, 2, · · · , m, j = 2, · · · , n) as follows: Step 2: We utilize the decision information given in matrixD, and the DHBFHPWA operator to obtain the overall preference valuesd i of the candidate A i (i = 1, 2, 3, 4, 5). Let γ = 3, we haved 1 -d 5 , as shown at the top of the next page.
Step 2 
Step 3 Based on the DHBFHPWG operator, then, in order to select the most desirable candidates, we can develop another approach developed to select the best candidates with dual hesitant bipolar fuzzy information, which can be described as following:
Step 1 : See Step 1.
Step 2 : Aggregate all the dual hesitant bipolar fuzzy numbers in the Table 1 by using the DHBFHPWG operator to derive the overall DHBFNsd i (i = 1, 2, · · · , 5) of the candidate A i . Take candidate A 1 for an example (Let γ = 3), we haved 1 -d 5 , as shown at the top of the Conclusion Section.
Step 2 From the above analysis, it is easily seen that although the overall rating values of the alternatives are slightly different by using two operators respectively. However, the most desirable candidate is A 5 .
In what follows, we compare with the dual hesitant bipolar fuzzy weighted average (DHBFWA) operator and dual hesitant bipolar fuzzy weighted geometric (DHBFWG) operator [52] . The result is shown in Table 2 .
From the above analysis, it can be seen that four operators have the same best emerging technology enterprise A 5 and two methods' ranking results are slightly different. But, the our proposed operators consider the prioritization relationship over attributes, but DHBFWA and DHBFWG operator [52] fail to do so. This verifies the method we proposed is reasonable and effective. 
VI. CONCLUSION
In this paper, we investigate the dual hesitant bipolar fuzzy multiple attribute decision making problems with in which there exists a prioritization relationship over attributes. Then, motivated by the idea of Hamacher operations and prioritized aggregation operators, we have developed some
Hamacher prioritized aggregation operators for aggregating dual hesitant bipolar fuzzy information: dual hesitant bipolar fuzzy Hamacher prioritized average (DHBFHPA) operator, dual hesitant bipolar fuzzy Hamacher prioritized geometric (DHBFHPG) operator, dual hesitant bipolar fuzzy Hamacher prioritized weighted average (DHBFHPWA) operator, dual hesitant bipolar fuzzy Hamacher prioritized weighted geometric (DHBFHPWG) operator. Then, we have utilized these operators to develop some approaches to solve the dual hesitant bipolar fuzzy multiple attribute decision making problems. Finally, a practical example is given to verify the developed approach and to demonstrate its practicality and effectiveness. Several directions for future research may be promising. First, the aggregation operator proposed in this paper can be introduced into other fuzzy and uncertain environments [68] - [76] . Second, applications of the proposed MADM method can be explored to tackle practical problems in other areas, such as selecting information systems, evaluating the financial risks or software quality [77] - [92] . The common feature of these practical problems is that multiple attributes involved are interdependent and have different priority levels. Third, the complexity of the proposed method can be improved with the help of computer technology. In the future, we will devote ourselves to reducing the complexity of the method as well as increasing accuracy.
